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Holographic Entanglement Entropy Decomposition in an Anisotropic Gauge Theory
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We study holographic entanglement entropy in spatially anisotropic field theory. We observe that
for the background we consider in this paper, to a good approximation, the holographic entanglement
entropy can be decomposed into two terms. One of them is the entanglement entropy of the isotropic
field theory at fixed temperature and the other term is only a function of anisotropy parameter.
Moreover, for large enough values of anisotropy parameter, our numerical results indicate that the
entanglement entropy in the perpendicular direction to anisotropic direction is greater than the
parallel case.
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I. INTRODUCTION
During two last decades, gauge-gravity duality, as a new framework, received a lot of interest to explain the physics
of strongly coupled field theories. Since standard methods such as perturbative expansion are not applicable due to
large coupling constant, gauge-gravity duality plays an important role in this area of physics. This duality states that a
strongly coupled gauge field theory in d-dimensional space-time corresponds to a classical gravity in d+1-dimensional
background [1]. According to the gauge-gravity duality, the filed theory is living on the boundary of the background.
All parameters, fields and processes in the gauge theory are then translated into appropriate equivalent on the gravity
side. Up to now, this duality has been frequently applied and reveals a lot of valuable information about strongly
coupled field theories. For a good review with an extensive list of references see [2]. For describing various properties
of strongly coupled gauge theories, this duality usually proposes applicable and simple prescriptions in gravity theory.
In other words, although explaining of different properties may not seem simple from the field theory perspective, its
gravitational description is generally more tractable. As an example, in order to calculate the entanglement entropy in
the field theories with holographic dual there is a very simple prescription firstly introduced in [3]. The entanglement
entropy is analytically calculated in two-dimensional conformal field theory and its generalization to higher dimensions
is not obvious. However, as we will see in the next section, its gravitational dual is simple and can be generalized
to arbitrary dimension. This conjectured formula does indeed satisfy many non-trivial relations known in quantum
information theory. In this paper, using the holographic description of the entanglement entropy, we would like to
investigate the effect of the anisotropy parameter a on the entanglement entropy in an anisotropic thermal gauge
field theory. Here ”anisotropic” refers to spatially anisotropic systems or equivalently the pressure in one direction,
say z, is different from the others. For this reason, we will work with the anisotropic background introduced in [4].
Then we consider the entangling length in the anisotropic direction z, parallel case, or in the transverse directions, i.e.
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2perpendicular to z, perpendicular case. According to our numerical outcomes, the main findings can be summarized
as follows:
• At fixed temperature T , the entanglement entropy for the perpendicular case is greater than parallel case, that
is S⊥A > S
‖
A for a > 2T . The same behavior is also true at fixed entropy density s for a > 2s
1/3. It is important
to notice that this behavior does not persist in high temperature limit, i.e. T  a.
• At fixed temperature, for both parallel and perpendicular cases, to a good approximation, the entanglement
entropy can be decomposed into two terms: one of them is the entanglement entropy of the isotropic field theory
at finite temperature and the other one is independent of temperature and depends only on the anisotropy
parameter. This statement is also true when the entropy density is kept fixed. Interestingly, this decomposition
can be done in the high temperature limit, too.
• In the desired range of anisotropy parameter the term which depends only on the anisotropy parameter is
proportional to k1a
4− k2a2(−n1a2 +n2a4) for perpendicular (parallel) case where k1, k2, n1 and n2 are positive
numbers. Independent of temperature and entropy density which are kept fixed, the coefficients k1 and k2 (n1
and n2) are the same, interestingly.
• Making the anisotropy parameter larger, the deviation of anisotropic entanglement entropy form the isotropic
one becomes greater when the temperature or entropy density is kept fixed.
• We checked and believed that all results reported in this paper exist for any acceptable entangling length.
II. REVIEW ON (HOLOGRAPHIC) ENTANGLEMENT ENTROPY
A well-known non-local observable in the quantum field theory is entanglement entropy [5]. Consider a quantum
field theory whose state is described by the density matrix ρ. The entanglement entropy of a spatial subregion A,
with complement B, denotes how much entanglement exists between A and B and it is given by
SA = −Tr(ρA log ρA), (1)
where ρA = TrB(ρ) is reduced matrix and obtained by tracing over the degrees of freedom in the region B. The
entanglement entropy of A shows the amount of information lost when an observer is limited to the subregion A.
Moreover, it has a main divergency which is proportional to area of the subregion A for space-time dimension greater
than two. Although calculating the entanglement entropy is normally difficult, it has hopefully a famous and simple
description in the context of the gauge-gravity duality. In fact, Ryo and Takayanagi firstly proposed in [3] that the
entanglement entropy can be computed from
SA =
Area(γA)
4Gd+2N
, (2)
where Gd+2N is the d-dimensional Newton constant. γA is a codimension-2 minimal surface whose boundary ∂γA
coincides with the boundary of the subregion A on the boundary of the bulk where the quantum field theory lives,
i.e. ∂γA = ∂A. This proposal received a lot of interest during the last decade and passed several non-trivial checks
known in the quantum field theory. For more details, we refer the reader to [6]. In order to calculate the holographic
entanglement entropy, we start with a d+ 2-dimensional background
ds2 = −f1(u)dt2 + f2(u)du2 + f3(u)dz2 + f4(u)d~x2, (3)
where u is radial direction and the boundary is located at u = 0. f1, . . . , f4 are arbitrary functions and depend
only on the radial direction. (t, z, ~x = x1, . . . , xd−1) represent d+ 1-dimensional boundary coordinates where the field
theory lives. We also demand that the background approaches AdSd+2 with radius one asymptotically. As it is clearly
seen, since f3 6= f4 generally, the above background is anisotropic along the gauge theory directions and hereafter
we call z the anisotropic coordinate. f1 and f2 are blacking factors that vanish at the position of the horizon, i.e.
f1(u = uh) = f
−1
2 (u = uh) = 0 and therefore the above metric is a black hole solution. According to the gauge-gravity
duality, the Hawking temperature of the black hole is identified with the temperature of the field theory. We now
consider the simplest shape for the boundary entangling region A which is a rectangular shape with one dimension of
length l in z (parallel to the anisotropic coordinate) or x ∈ (x1, . . . , xd−1) (perpendicular to the anisotropic coordinate)
direction at a constant time slice and all other coordinates have infinite width, see figure 1. Note that since there is a
3FIG. 1: Minimal surfaces in the anisotropic background.
rotational symmetry in ~x directions, there is no difference among them. The recipe (2) states that the entanglement
entropy between the regions A and its complement B is proportional to the minimal surface γA and it can be then
obtained from
SA =
1
4Gd+2N
∫
ddσ
√
det gab, (4)
where gab is induced metric on γA and is defined as gab = GMN∂aX
M∂bX
N . XM s are bulk coordinates introduced in
(3) and σas denote coordinates on the γA and we thus have X
M (σa). In the perpendicular case, using static gauge,
i.e. (σ1, . . . , σd) ≡ (z, x1, . . . , xd−1), and due to translational symmetry in the all directions in the background except
x ≡ xd−1, the shape of the minimal surface corresponding to the rectangular stripe is described by u(x), see figure (1).
Similarly, for the parallel case the minimal surface can be described by u(z). In the following, using the gauge-gravity
duality, we proceed our calculations to obtain the entanglement entropy for these two cases.
• Perpendicular case: In this case we have u(x) and after simple calculation the holographic entanglement
entropy (4) leads to
S⊥A =
Vd−1
4Gd+2N
∫ l
2
− l2
dx
√
f3(u)f
d−1
4 (u) + f2(u)f
d−2
4 (u)f3(u)u
′2, (5)
where u′ = dudx and Vd−1 is the volume of the isotropic transverse coordinates. Since the above equation does
not depend explicitly on the x, a constant of motion can be easily found as
f3(u)f
d−1
4 (u)√
f3(u)f
d−1
4 (u) + f2(u)f
d−2
4 (u)f3(u)u
′2
= f3(u∗)fd−14 (u∗), (6)
where u∗ is the turning point at which u′(x) = 0 and is located at x = 0 by symmetry. It then turns out
u′ =
(
f4
f2
(
f3f
d−1
4
f3∗fd−14∗
− 1
)) 12
, (7)
where f3∗ = f3(u∗) and so on. From the above equation one gets
l⊥ = 2
∫ u∗
0
du
(
f4
f2
(
f3f
d−1
4
f3∗fd−14∗
− 1
))− 12
. (8)
Finally, by substituting (7) into (5), the holographic entanglement can be obtained
S⊥A =
Vd−1
2Gd+2N
∫ u∗
0
du
√
f2f
d− 32
4 f3√
f3f
d−1
4 − f3∗fd−14∗
. (9)
4• Parallel case: In this case, as it was already explained, we have u(z). Similar to the perpendicular case, the
entanglement entropy and entangling length l‖ can be found
S
‖
A =
Vd−1
2Gd+2N
∫ u∗
0
du
√
f2f3f
d−1
4√
f3f
d−1
4 − f3∗fd−14∗
, (10a)
l‖ = 2
∫ u∗
0
du
(
f3
f2
(
f3f
d−1
4
f3∗fd−14∗
− 1
))− 12
. (10b)
A specific solution of (3) is isotropic black hole background which is given by
u2f1(u) = u
−2f−12 (u) = 1−
u4
u4h
, f3(u) = f4(u) =
1
u2
. (11)
Obviously, for the above solution we get S0A = S
⊥
A = S
‖
A. As it is well-known, the entanglement entropies S
⊥
A and
S
‖
A are divergent and this divergency is proportional to the area of subregion A. In order to find finite entanglement
entropies, we define the following functions
∆S⊥ =
Gd+2N
Vd−1
(S⊥A − S0A), (12a)
∆S‖ =
Gd+2N
Vd−1
(S
‖
A − S0A). (12b)
where ∆S⊥ and ∆S‖ are now finite. We emphasize here that these two quantities represent the difference between
entanglement entropies in anisotropic and isotropic background which will be computed at fixed temperature or fixed
entropy density. More specifically, they provide noteworthy information about the effect of anisotropy parameter on
the entanglement entropies, as we will see in next section.
III. NUMERICAL RESULTS
The background we are interested in is an anisotropic solution of IIB string theory introduced in [4] and different
aspects of this solution have been illustrated in the literature, for instance see [7]. Regarding (3), the anisotropic
metric with d = 3 is
f1(u) = FBu−2, f2(u) = F−1u−2, f3(u) = Hu−2, f4(u) = u−2. (13)
The functions H, F and B depend only on the radial direction. In terms of the Dilaton field, they are
H = e−φ, (14a)
F =
e−
1
2φ
[
a2e
7
2φ(4u+ u2φ′) + 16φ′
]
4(φ′ + uφ′′)
, (14b)
B′
B =
1
24 + 10uφ′
(
24φ′ − 9uφ′2 + 20uφ′′) , (14c)
where the Dilaton field satisfies the following third-order equation
256φ′φ′′ − 16φ′3 (7uφ′ + 32)
u a2e
7φ
2 (uφ′ + 4) + 16φ′
+
φ′
u (5uφ′ + 12) (uφ′′ + φ′)
×
[
13u3φ′4 + 8u
(
11u2φ′′2 − 60φ′′ − 12uφ′′′)
+u2φ′3
(
13u2φ′′ + 96
)
+ 2uφ′2
(−5u3φ′′′ + 53u2φ′′ + 36)+ φ′ (30u4φ′′2 − 64u3φ′′′ − 288 + 32u2φ′′) ] = 0 .
Note that the solution also contains a self dual five-form field. The horizon is located at u = uh where F(uh) = 0.
The Hawking temperature and entropy density per unit volume are given by [4]
T = − 1
4pi
F ′(uh)
√
B(uh),
s =
pi2N2c
2
e−
5
4φh
pi3u3h
(15)
5where φh is the value of the Dilaton field at the horizon and Nc denotes the number of color in the gauge theory.
In this solution non-zero anisotropy parameter in the field theory is introduced by an axion field in the background
corresponding to a position-dependent θ-term or, more precisely, θ = az. The θ-term breaks the original isotropy of
the system and forces the system into an anisotropic equilibrium state. It also leads to a non-zero conformal anomaly
meaning that the trace of the energy-momentum tensor is no longer zero and is proportional to the anisotropy
parameter a which has dimension of energy. In other words, in the field theory corresponding to the geometry
(13), the pressure in the z and ~x directions are not equal. For more details see [4]. After finding the solution (13)
numerically, our main task in the following is to understand how anisotropy parameter modifies the entanglement
entropies S⊥A and S
‖
A.
A. Perpendicular case
• Fixed temperature: In figure 2(left), we have plotted ∆S⊥ in terms of a/T for three different values of
temperature. Evidently, ∆S⊥ > 0 meaning that S⊥A > S
0
A. Furthermore, the larger anisotropy parameter, the
greater deviation. We also observe that our numerical outcomes, the blue, red and black points in figure 2(left),
are fitted with
∆S⊥A (a, T ) = K1(T )(
a
T
)2 −K2(T )( a
T
)4, (16)
where the values of functions K1(T ) and K2(T ) are listed in table I. Another valuable result comes out when
TABLE I: Coefficient of (16) and (17)
T K1 K2 k1 k2
0.4 0.024 3.27×10−7 0.150 1.145×10−5
1.5 0.337 5.63×10−5 0.150 1.112×10−5
3.1 1.445 9.42×10−4 0.152 1.115×10−5
one plots ∆S⊥ in terms of anisotropy parameter a instead of a/T , see figure 2(right). Surprisingly, it shows
that the value of ∆S⊥, for various values of temperature, depends only on the anisotropy parameter and can
be fitted with
∆S⊥(a) = k1a2 − k2a4, (17)
where k1 and k2 are positive constant and their values are also presented in table I. In fact, (17) indicates that,
to a good approximation, ∆S⊥ is independent of temperature and the coefficients k1 and k2 are enough to
compute the value of ∆S⊥ for given anisotropy parameter. However, the temperature dependence explicitly
appears in (16) and therefore these two equations, that is (16) and (17), enforce us to consider K1(T ) = k1T
2
and K2(T ) = k2T
4. Before closing this part a few comments are in case.
1. Although the values of k1 or k2 are not exactly the same for three values of temperature, one needs much
greater precision in the numerical calculation to approach closer to the same value. In other words, the
differences among the values of k1 or k2 would be more negligible with greater precision.
2. The value of K2 is always too small compared to K1. Thus the second term in (16), or equivalently in
(17), does not change the value of the ∆S⊥ substantially for small values of anisotropy parameter. In
other words, if one ignores this term, the maximum relative error, i.e. | ∆S
⊥−(∆S⊥)k2=0
∆S⊥ |, is about 0.23 for
a = 50.
3. Since the trace of the energy-momentum tensor is proportional to anisotropy parameter [4], one can conclude
that the entanglement entropy is larger when the conformal symmetry is highly broken.
4. From (12a) and (17), it turns out
S⊥A (a, T ) =
Vd−1
Gd+2N
(k1a
2 − k2a4) + S0A(T ). (18)
The first (second) term in the above equation is only a function of anisotropy parameter (temperature).
Thus our results propose that the entanglement entropy in the anisotropic background we consider in this
6paper can be decomposed as
S⊥A (a, T ) = SˆA(a) + S
0
A(T ), (19)
where
SˆA(a) =
Vd−1
Gd+2N
(k1a
2 − k2a4). (20)
In fact the anisotropy parameter and temperature do not communicate together.
5. The last point, perhaps the more important one, is that all above numerical outcomes are reliable in the
range of 4T < a < 50.
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FIG. 2: ∆S⊥A in terms of
a
T
(left) and a(right) at fixed temperatures for l = 0.1. The green curves show the fitted functions
(16) and (17) in the left and right figure, respectively.
• Fixed entropy density: Instead of temperature, the entropy density can be kept fixed, too. In order to have
a dimensionless parameter we introduce as−1/3 where s ≡ s/N2c . We then plot the entanglement entropy in
terms of this new dimensionless quantity and the results are shown in figures 3. Similar to the case of fixed
temperature, we observe that the numerical data is fitted with
S⊥A (a, s) = Kˆ1(s)(as
−1/3)2 − Kˆ2(s)(as−1/3)4, (21)
where the values of Kˆ1 and Kˆ2 are listed in table II. Interestingly, although Kˆ1 and Kˆ2 are not equal to K1 and
K2, numerical results in the figure 3(right) reveal that the entanglement entropy still satisfies in (17) for different
values of fixed entropy density with unchanged coefficients k1 and k2! Notice that in this case the temperature
appears in (19) can be found in terms of anisotropy parameter and entropy density by using (15). As a matter of
fact, for given values of entropy density and anisotropy parameter, one can find the corresponding temperature.
In short, we find out that the entanglement entropy, given by (17) or equivalently (19), is independent of the
values of temperature and entropy density in the desired range of anisotropy parameter. Similar comments
argued in the case of fixed temperature can be also discussed in the current case and we do not repeat them
here.
TABLE II: Coefficient of (17) and (21)
s Kˆ1 Kˆ2 k1 k2
1 0.150 1.090×10−5 0.150 1.090 ×10−5
3 0.310 4.526×10−5 0.149 1.046 ×10−5
5 0.434 4.526×10−5 0.148 1.013 ×10−5
Up to now, according to our numerical results we claim that ∆S⊥A is only a function of anisotropy parameter in the
background we consider. As a crosscheck, in figure 4 the entanglement entropy is plotted in terms of temperature and
entropy density for fixed values of anisotropy parameters. As it is clearly seen, for large enough values of anisotropy
parameter, that is a > 2s1/3 or a > 2T , the entanglement entropy is given by (17) to a good approximation. In fact
these figures approve our previous results and claim.
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FIG. 3: ∆S⊥A in terms of as
−1/3(left) and a(right) at fixed entropy density for l = 0.1. The green curves show the fitted
functions (21)(left) and (17)(right).
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FIG. 4: ∆S⊥A as a function of as
−1/3(right) and a
T
(left) for l = 0.1.
B. Parallel case
In this subsection we consider the case for which the entangling length is parallel to the anisotropy direction z.
Figure (5) shows our results. The main difference between the parallel and perpendicular case is that in the parallel
case ∆S‖ < 0 meaning that S‖A < S
0
A, opposite to the perpendicular case for which S
⊥
A > S
0
A. A few of significant
outcomes can be summarized as follows:
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FIG. 5: ∆S
‖
A in terms of
a
T
(left) and a(right) at fixed temperatures for l = 0.1. The green curves show the fitted functions.
• In the desired range of anisotropy parameter the value of the parallel entanglement entropy S‖A is always smaller
than S0A in both cases, when the temperature or entropy density is kept fixed.
8• For larger anisotropy parameter the deviation of S‖A from the isotropic entanglement entropy becomes greater.
• The entanglement entropy in the parallel case can be decomposed as
S
‖
A(a, T ) = S˜A(a) + S
0
A(T ) (22)
where S˜A(a) =
Vd−1
Gd+2N
(−n1a2 + n2a4), n1 = 0.065 and n2 = 5 × 10−6 for fixed value of temperature or entropy
density cases.
In this section, our most important outcome is that for large enough a/T (or as−1/3) the entanglement entropy in the
parallel and perpendicular direction can be decompose to a temperature dependent term, which is the entanglement
entropy of the isotropic field theory at finite temperature, and an anisotropic part where is independent of temperature
(or entropy density) to a good approximation. As we will see in the next section, this behavior persists in the high
temperature limit, too.
IV. HIGH TEMPERATURE LIMIT
The analytical solution for (13) has been introduced in [4] in the high temperature limit, that is T  a. The metrics
components are given by
F = 1− u
4
u4h
+ a2Fˆ2(u),
B = 1 + a2Bˆ2(u),
φ = a2φˆ2(u),
(23)
where
Fˆ2(u) = 1
24u2h
(
8u2(u2h − u2)− 10u4 log 2 + (3u4h + 7u4) log(1 +
u2
u2h
)
)
,
Bˆ2(u) = −u
2
h
24
(
10u2
u2h + u
2
+ log(1 +
u2
u2h
)
)
,
φˆ2(u) = −u
2
h
4
log(1 +
u2
u2h
).
(24)
The temperature and entropy density is then obtained as
T =
1
piuh
+
(5 log 2− 2)uh
48pi2
a2,
s =
pi2N2c T
3
2
+
N2c T
16
a2.
(25)
Using (9) or (10a), (13) and (23) and after simple calculation, it turns out
S⊥A =
Vd−1
2Gd+2N
∫ u∗
0
(1− 52a2φˆ2(u))(1− 12 a
2Fˆ2(u)
1− u4
u4
h
)(1 + 54a
2 φˆ2(u)u
6
∗−φˆ2(u∗)u6
u6∗−u6 )√
1− u4
u4h
√
u−6 − u−6∗
du, (26a)
= S0A +
Vd−1
2Gd+2N
a2
∫ uˆ∗
0
− 52 φˆ2(u)− 12 Fˆ2(u)1− u4
uˆ4
h
+ 54
φˆ2(u)uˆ
6
∗−φˆ2(uˆ∗)u6
uˆ6∗−u6√
1− u4
uˆ4h
√
u−6 − uˆ−6∗
du, (26b)
or in the parallel case
S
‖
A = S
0
A +
Vd−1
2Gd+2N
a2
∫ uˆ∗
0
−2φˆ2(u)− 12 Fˆ2(u)1− u4
uˆ4
h
+ 54
φˆ2(u)uˆ
6
∗−φˆ2(uˆ∗)u6
uˆ6∗−u6√
1− u4
uˆ4h
√
u−6 − uˆ−6∗
du. (27)
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FIG. 6: ∆S⊥A , introduced in (26b), in terms of a/T for l = 0.1.
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FIG. 7: ∆S⊥A as a function of aT
−1 (right) and a (left) in high temperature limit for l = 0.1. The green curves show fitted
functions.
It is important to notify that u∗ in (26a) denotes the turning point of the extremal surface γA (see figure 1) in the
anisotropic background which is not clearly equal to the corresponding one in the isotropic case, that is uˆ∗. However,
since our results indicate that their difference, i.e. max( |u∗−uˆ∗|uˆ∗ ) ∼ 10−4, is so small, it is a good approximation to
neglect this difference and we therefore replace u∗ by uˆ∗ in (26b). The same argument is also valid for uh and uˆh
corresponding to horizon radius in anisotropic and isotropic background. Then the term which is independent of a in
(26a) reduces to the entanglement entropy in the isotropic filed theory, that is the first term in (26b). As a result, the
first term in (26b) is independent of anisotropy parameter and is equal to the entanglement entropy in the isotropic
field theory. Although the second term in (26b) explicitly depends on the uh (or equivalently uˆh), this term, which is
equal to ∆S⊥A according to (12a), is almost independent of temperature as it is supported by figure 6. We can continue
the same discussion for the parallel case to find (27). Briefly, in high temperature limit, the entanglement entropy
for both parallel and perpendicular cases decomposes into two parts: the first (second) part is (almost) independent
of anisotropy parameter (temperature) in agreement with our previous results. In contrast to the general case, in
high temperature limit figure (7) shows that S⊥A < S
0
A. Unfortunately, we cannot find the entanglement entropy
between two regions we have discussed here and in the previous section. However, our results indicate that at fixed
temperature the entanglement must change sign at a specified value of anisotropy parameter. Similar behavior has
been also observed in [8]. For the parallel case, opposite to the perpendicular case, the entanglement entropy is always
smaller than isotropic one. In high temperature limit, the difference between ∆S⊥A and ∆S
‖
A is negligible and therefore
resulted figure for parallel case is similar to the figure (7) and we do not repeat them here.
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